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The inflation of a plane clrcular mem-

brane fai first studied experimentally by
Treloa ! and analytically by Adkins and
Rivlin The same problem with different

conatlitutive qu%ﬁlons was solved by Kll?ﬁi
beil and Shield . Later, Yang and Feng
further extended the formulation to a class
of axlsymmetric membranes of Mooney material
under large deformations. The membranes
studied have usually been elastomeric
materials, which often exhiblt viscoelastic
behavior. To date, very few problems per-
taining to nonlinear viscoelastlc membranes
have been investigated because of the [nher-
ent complexlties associated with nonllnearity
both 1n geometry and in material. In this
paper, we demonstrated that viscoelastic
solutions can be obtained.

The formulatlon centers on the determi-
nation of the deformed conflguration of a
plane circular membrane under an Inflating
pressure. Two sets of polar cylindrical co-
ordinates are used. The coordinates (R,v¥,0)
are used to describe the undeformed mid-
surface of the membrane. The coordlnates
{r{(R),¥,z(R)] are wused to describe the
deformed midsurface. The stretch ratios
A, and A, In the meridlan and clrcumferentlai
directions, respectively, are

x1=[(w)2+(zw2ﬂ/{ A, = /R (1)
In the above and subsequent equations, the
primes denote the differentiation with

respect to R, and all quantitles are eval-
uated at time t_  unless otherwise specified.
The time t ~1s at the nth increment of at.
The value for At 13 a small quantity but it
need not bDe a constant. Another geometric
quantity, 8 Lls the angle between a vector
normal to the midsurface of a deformed mem-
brane and the axis of aymmetry. The re-
lationship between the angle and the stretch
ratios ls

[(Rxé RN (2)

The nonlinear viscoelastlic constitutlve
equation rgid here was developed by
Christensen . For 1incompressible materials
and the assumptlion that for a thin membrane
‘the stress ln the normal direction is small,
the constitutive equation for the normal
Cauchy stress In the meridian direction re-
duces to
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and a gimllar equation for g¢,, the normal

Cauchy 3tress in the clrcumferential direc-
tlion. There are two material property func-
tions, 20 and g,. The g. term (s the long-
term clastic material constant and the g,(t)
ls a viscoelastic relaxation function. For
suffiriently slow processes, the integral
terms !n the constltutive equation become
negligibly small and the remaining terms con-
stitute the theory of rubber elasticity.
Therel'ore, the constitutive equation can be
used for gtudying both elastle and viaco-
elast » effects.

‘he coordinate values that describe the
deforned configuratlon are unknown functions
of tre undeformed coordinates as well as the
inflacing pressure (P). These unknown func-
tions zan be determined from the force equi-
Librlun =2quations In the tangential and nor-
mal i:rectlions, The equilibrium equations
are ‘educed to a set of nonlinear, differ-
enti:l-integral equations,

In order to simplify the numerical pro-
cedures for solving these equatlons, two
step: are taken, Firat, the governing
equalt.ions are wrltten In terms of three new
variables: A, X,, and 8. Second re-
currerice formula, developed by Feng---, s
used. With the recurrence formula, it ls not

neceinary Lo recalculate the heredlitary inte-
gral3 in the convolution operation at each
new Jalue of time, and as a result, the
governing equatlons are reduced to three
first-order ordinary differential equatlons
for each time step. When comblned with the
compatiosility equation derived from equation
2) he governing equations can be cast ln a
sta~daril Form
FDyaageag e e e
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With speclfied boundary and initial con-
ditlons, solutions to equatlons (4) can be
obtalned by numerical integratlon.

The numerical results for creep and re-
laxation of a plane circular membrane under
an Inflating pressure are obtained. The re-
laxation function, written in terms of the
exponentlial law, i{s used here:

31(t) = c exp(-t/1) (5)

where ¢ Lls a material constant and 1 1s a
'relaxation time constant.

In order to show the viscoelastic effect
of deformation on an elastomeric membrane, we
performed an experiment. Before deslgning
the apparatus for the test, however, we
needed to declde whether to do a creep or a
relaxation test. Fron the theoretical study,
one can obtain a relationship between the
inflating pressure and the deformation. It
shows clearly that there 13 an {nstability
point at which the initfal rise of the in-
flating pressure wWill be followed by a fall
as the deformation lncreases. Therefore, (f
one performs the creep test, there are two or
more membrane conflgurations for each in-
flating pressure. Furthermore, the pressure-
deformation curve |3 relatlvely flat beyond
the {nstabillty point; this will produce very
Lnaccurate results. For these reasons, we
decided to do a relaxation test lnstead of a
creep test.

In the experlment, the membrane 1|3 made
of latex rubber and clamped between two
plates. The thickness of the membrane is
0.0762 cm. The radius of the membrane 13
2.54 cm. The membrane i3 {inflated by alr
from a reservoir. The helght of the deformed
membrane at the pole ls flxed at 3 em. which
corresponds to the stretch ratlio at the pole
of 2.0. An infrared photosensor controls the
maximum height of the deformed membrane at
the pole. In order to decrease the pressure
during the relaxation test, a "leaky" valve
is provided. The photosensor i3 connected to
a 3solencid valve that closes the alr Intake
valve when the photosensor light path 1is
blocked by the membrane, and opens the air
intake valve when the membrane deflatea. The
infrared photosensor keeps the height of the
deformed membrane at the pole to within

0.001" cm., and the pressure transducer s
sensltive to within flve pascals. The
pressure transducer, coupled with a digltal
voltage converter, i{s used for data
acquisition, Data s automatically recorded
by a microcomputer. The experimental re-

sults, as a graph of (inflation pressure
versus time, demonstrate the viacoelastic
effect of latex rubber.

In this paper, the nonlinear visco-
elastic membrane mechanlics have been formu-
lated, 3olved, and experlilmentally verifled
for the inflatlon of an lnitlally flat thin
clrcular membrane. With some minor modifi-
cations on these formulations, the whole
class of axisymmetric vlscoelastic membrane
problems can be studied. In the formulation,
the geometric nonlinearity as well as the
matertal nonlinearity are (ncluded. The
theoretlcal value for the 3strains can be as
large as needed; for practical applicatlons,
however, these values are limlted by the
fracture strength and are usually less than a
few nundred percent, In the formulation, the
relaxatlon function I3 represented by a
alngle exponentlial term that does not rep-
resent the material properties In reality.
However, the formulatlon presented here can
be extended to a more reallatic relaxation
function which 1s represented by a series of
exponential functlons or by the power law.
The analytical results combined with the
experimental resulta can be used further to
determine the materlial properties of elas-
tomers, g, and gy(e).
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